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Appendix A: Technical Proofs

Some assumptions are stated as follows:

(B1) For k = maxo<j<k(Tj4+1 —7;), there exists a constant M > 0, such that £/ ming<j<x (741 —

7;) < M and maxocj< |:jf17:i — 1] = o(1).

(B2) For fixed design points, t; € [a,b] for i = 1,---,n, assume that there exists a distribution
function Q(t) with a corresponding positive continuous design density p(t) such that, for
the empirical distribution of (t1,...,t,), Qu(t), we have sup,c(, 4 [Qn(t) — Q(t)] = o(K71).
Moreover, there exist two constants 0 < ¢; < ¢y < 0o such that ¢; < p(t) < ¢ for all
t € la,bl.

(B3) The number of knots K = o(n).

(B4) f(t,z,PB) is a continuous function of B for B € Qg, where (g is a compact subset of R%.

(B5) For p defined in Assumption B2, p(t) € C|a, b].

(B6) X(t) € x, where y C C""[a,b] with v > 2.

(B7) The weight w(.) is a bounded and non-negative function on the interval [a, b]. Further, w(.)
has a bounded first-order derivative.

(B8) E{w(t)[f(t, X(t),B) — f(t,X(t),B,))*} = 0 if and only if 3 = 3,, where E[g(t)] is the
expectation of function g(¢) with respect to ¢ in the case of random design and the integral

[P g(t)dQ(t) for function g(t) in the case of fixed design.

(B9) The first and second partial derivatives, of %’g"g ), 823;%25 ) and azjgg’gf ) exist, are contin-

uous and uniformly bounded for all ¢ € [a,b], B € Qg, z € x, and

97 :1:8) =~ 5 (-2 B

for some 0 < ¢ < 1.
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(B10) The first partial derivatives % (t,x,B3) and % f(t,xz,3) are continuous and uniformly
bounded for ¢ € [a,b], B € Qg and = € x.

(B11) K, < 1 with K, = (K + v + 1 — q)(Aé;)Y®9n =29 for some constant &.

(B12) K, > 1 for K, defined in (B11).

(B13) All partial derivatives of f{t, X, Y, 3} up to order p with respect to ¢, X and Y exist and

are continuous. The derivatives of input variables Y (¢) up to pth-order with respect to ¢

exist and are continuous.

Some notations are required. Let |la|| be the Euclidean norm of a vector a; ||A|lw =

n
nax > |ai;] be the supremum norm of an m X n matrix A, where a;; is the (7,7)-th
<i<m 45—
I ]_1

element of A; A®? = AA” for a matrix A; C"[a,b] be the class of functions with r-
order continuous derivatives on the interval [a,b]; W9[a,b] be the Sobolev space of order
q, i.e. W9a,b] = {f : f has ¢ — 1 absolutely continuous dirivatives, [’{f@}?dz < oo};
| flle = sup, |f(t)] be the supremum norm of a function f. Denote Gk, = Z'Z/n,
Hy, = Gg,+\D,/n and H = G + A\D,/n with G = [* N, (t)NE_,(t)p(t)dt. Denote

c as a general constant.

Lemma 1: (i) Under Assumptions B1-B3 and B11, if X(.) € C*"[a,b] with v > 1, then

forany ¢ =0,1,---,v —1,

EXO0)] = XD1t) = bi(t,v+1)+di(t) + o(k"7) + o(An 17977

= O +0(n k™17

and

o? A

o _ A _
Varl£ 0] = TN L(OA(G + 5D,) GG + 2D AT N (1)

to(n tk™Hh
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(ii) Under Assumptions B1-B3 and B12, if X(.) € WYa,b] with ¢ > 2, then for any
i:O717"'7q_27
EXO®)] = XO(t) = bi(t,q) + dit) + o(s"") + o((A/n)"/*k7)

= O(r™) + O((\/m) )

and
(i o’ T A 1 A IAT
Var[X® ()] = ZNVH—Z'(t)Az‘(G + ﬁDq)_ G(G + ﬁDq)_ ANyt
+0(n_1/<;_2i()\/n)_1/(2q))
= O (/) ),
where
Xy K : t—T;
bi t )=—F—"—"F7"7- [7"7" t j — 1y V—H_lBV —1 — )
( VTt ) (V‘f‘l—i)!jgo [J’J+ﬂ( )(T]-H TJ) +1 (Tj+1_Tj)
and

A
di(t) = _;sz;—i-l—i(t)Ai(G + )‘Dq/”)iqufa

with B;(.) denoting the jth Bernoulli polynomial (see Ghizzetti and Ossicini, 1970), and
€= (Z"Z)Z"Sx for Sx = {Sx(t1), -, Sx(t,)}*, where Sx(t) = N, ()6 € S(v+1,1)
is the best L., approximation to the true value of function X ().

Proof of Lemma 1: From the expressions (8) and (9) , we have

o 1
XO() = NI\ (DA(Z"Z+AD,)'2"Y = NI, ()AH,~Z"Y.
From the definition of G, and H g ,, we have H [}}n — G;(’ln = —%H ;(}anGZn. It follows

that

, 1 1
X0() = NLL(OAGE,-Z"Y + NI (0AHE, - G- Z2"Y

(i A _ 1
= Xﬁgg(t) - %N;Z:-l—l—i(t)AiHK%anGK%nEZTY
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with )A(éie)g(t) = NZJrl_i(t)AiG;én%ZTY from the expression (5) in Zhou and Wolfe (2000).
Then
EX9(t)] - X9(t)
= [SY) - XO(@)] + BE[X{dg(t) — SV (1)] (A1)

A 1
- ﬁN§+1—i(t)AiH;(}anG;(}nﬁZT(X — Sx + 8x),

where X = {X(t1), -, X(t,)}" and S () is the ith-order derivative of Sx(¢) with Sy (t)
and Sy defined in Lemma 1.

From Lemma 5.1 and Theorem 3.1 of Zhou and Wolfe(2000), it holds that X ) (¢) — s (t) =
~bi(t,v + 1) + o("17) and E[X{dg(t) — SY(t)] = o(s*+'7) for X(.) € C**'[a,b], and
XO(t) - SY(t) = ~bi(t,q) + o(x77) and E[X{dg(t) — SY(£)] = o(x¢7) for X(.) € W[a,b].

Now we consider the third component of (A.1). In the first step, we use similar arguments
to those in the proof of Theorem 2 in Claeskens, Krivobokova and Opsomer(2009) and the

definition of & = (Z7Z)~'Z" Sx in Proposition 1, then we have

_2 NZH_Z.(t)AZ-HK}anGK?niZ 'Sx
— _QNin(t)AiH;ganﬁ
= ONTLLOAH,ATWSY (o)
_ _2 N7, ()AH ' ATWSY ()
SN OAH, — H AW S (o)
AN AH D6~ ANT, (A, - HHATWSY (@)

A _ _
= di(t) = TN (A(H G, — HHATWSY (o).

where W = diag{>/17™ [7+1 N; ,(t)dt} and @ = (0-v4g,- -, 0x)" with some g; € [75, Tj141-]
forj=—-v+gq, -, K.
In the second step, we claim that —%Nerl_i(t)Ai(Hfén — H_1>AZWSE?(Q) is of negli-

gible asymptotic order for both K, < 1 and K, > 1. In fact, from Lemma A2 and the proof



Numerical Discretization-Based Estimation Methods for ODE Models 5

of Theorem 2 in Claeskens, Krivobokova and Opsomer(2009), we have [|[Hy!, — H ' =
o(k") for Kg < 1 and o(k™'(1 + K29)7") for Ky > 1, [W]le = O(k), [Aqllee = O(k79),
1Ai]loe = O(k77), and ||S?(0)|ls = O(1). Then it follows that for K, <1,

éJ\fﬂl_i(lﬁ)Ai(H}én ~ H HAIWSY (o) = o(An 'k @+)),
n )

and for K, > 1,

A _ _
CNJ(A(H G, — HHATW S (o)

= o(An kTt (1 4 Kgq)_l)
= 0((/\/n)1/2/i_iKg(1 + Kgq)_l)

= o((A/n)/?k7"),

since KJ(1+ K2%)~" < 1/2 for K, > 1.

In the third step, we also claim that —2N},, () AH DG 1 Z" (X — Sx) is of
negligible asymptotic order for both K, < 1 and K, > 1. In fact, From Result R2 in
Claeskens, Krivobokova and Opsomer(2009), it follows that G5, 2 Z" (X —Sx) = o(x**) for
X(.) € C""a,b] and o(k?) for X(.) € W9a,b]. From Lemma Al in Claeskens, Krivobokova
and Opsomer(2009), |[Hg!, [l = O(x™") for K, < 1 and O(s™ (1 + K29)7') for K, > 1.
Moreover, we have || D,||oc = O(k~24*!) from Lemma 6.2 in Cardot(2000). So for K, < 1,

we obtain that

A _ 1
EN?;—&—I—z(t)AZHK}anGK}nEZT(X - SX)

— O(Anflﬂu+172q7i)
= o(An" k@),

because of v > ¢, and for K, > 1, we obtain that

A _ 41
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= oM 'R+ K297
= o((\n)2k7Y).
Thus, for K, < 1,
EXD0) - XD = bi(t,v+1) +di(t) + o(x”7) + oA~ h17)
= O )+ 0 k™Y,
and for K, > 1,
BIXO(@)] = XD(8) = bi(t,q) + di(t) + o(x7) + o((\/n) /2k)
= O(K7Y) + O((\/n)/270).
Now, we consider the variance
VarlXO(0)] = T NI (A G H ATN ()

From Result R1 and Lemma A2 in Claeskens, Krivobokova and Opsomer(2009), we have

that for K, < 1,

Var[X@D(1)] = NZH (WOAH 'GH 'ATN . 1_i(t) + o(n 'k727)
— 0(71—1,%—22'—1)7

and for K, > 1,

2

Var[XO(1)] = %NZH,Z.(t)AiH—lc;H—lAZNVH_Z-(t)
+o(n*1m*2i*1(1 + K272
= sz;-&-l (OAHT'GH AN 114(t)
+o(n 'K (A/n) VUK (1+ K29)7?)
= foH_i(t)AiHlGH1AiTNV+1_Z-(t)
+o(n~ R (A /n) TV D)

= O(n™'w 2 (N/n)~ D),
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since Kg(14+ K297 < K{(1+ K}~ <1/2 for K, > 1.

Lemma 2: (i) Under Assumptions B1-B3 and B11, if X(.) € C*™'[a, b] with v > 1, then for
any i = 0,1,---,v — 1, the mean squared error(MSE), MSE[X @ ()] = E[X®(t) — X (1)]2,

satisfies
MSE[X®(1)] = O(k2"170) + O(N2n 25 ~204)) 4 O(n~ 1k 7271),

Moreover, for K ~ cn'/®*3) and A\ = O(n") with v < (v + 2 — ¢q)/(2v + 3), the P-
spline estimator of X (¢) attains the optimal rate of convergence for X(.) € C"*'[a,b]
with MSE[X @ (t)] = O(n =2 +1-0/(2v+3)),

(ii)) Under Assumptions B1-B3 and B12, if X(.) € WYa,b] with ¢ > 2, then for any

i=0,1,-,q—2,
MSE[X O (#)] = O(x2@) + O((\/n)&~2) + O(n~ L2 (\/n) "1/ 29),

Moreover, for A ~ cn!/24+Y) and K ~ cn® with ¢ > 1/(2¢ + 1), the P-spline estimator of
X@(t) attains the optimal rate of convergence for X(.) € W9[a,b] with MSE[X®(¢)] =

O(n~2(a=0/Qa+1)),

Proof of Lemma 2: The order of the mean square errors can be derived from Propo-
sition 1 directly. Then we can verify the optimal rates of convergence by using x*™17% >
M e and k20D = 7l for K, < 1, and k970 < (A /n)Y257 and (A /)% =

n"tkE(\/n)"Y D) for K, > 1.

Lemma 3: (i) Under Assumptions B1-B3 and B11, if X(.) € C*"[a,b] with v > 1, for
K ~ en® with ¢ > 1/(2v 4 3), and A = O(n?) with v < (v + 2 — ¢q)/(2v + 3), then for any

fixed t € [a,b] and any i =0,1,---,v — 1,

XO@) — XO@) = by(t, v+ 1) — di(t)

Var[ X ®)(t)]

% N(0,1).
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(ii) Under Assumptions B1-B3 and B12, if X(.) € WY a,b] with ¢ > 2, for A ~ ¢n? with
v < 1/(2¢+ 1), and K ~ cn® with ¢ > 1/(2¢ 4+ 1), then for any fixed ¢ € [a,b] and any

7::0717”'7(]_27

XO@) — XO(t) — bi(t, q) — dit)
Var[X®)(1)]

4 N(0,1).

Proof of Lemma 3: For K, < 1, if K ~ ¢n® with ¢ > 1/(2v + 3) and A = O(n”) with

v < (¥+2—¢q)/(2v + 3), then by Lemma 1(i), for any ¢ =0,1,---, v — 1,

v+1—1

HE[X(Z)@)] - X(i)<t) - bi(t, v+ 1) — dz(t)Hoo = o(nf 2v+3 )7

v+1—i

Var[f((i) (t)] = O(n™ 253 ).

It follows that
EXO®0)] ~ XO(0) = b{t,v +1) — dift)
Var[X @ (t)]

Therefore it is enough to show that
X0(t) - E[X“( t)]

V Var[X O (1)]

4 N(0,1).
By (9), we have
" A 1 n
XO(t) = BIXY()] = Ny (OAH,Z" —e =3~ ey,
, n :
J=1

where A;(t) = NI, _,()AH ]_(T,LN v+1(tj)/n. To verify that the Lindeberg-Feller condition
holds, it suffices to show that
max<j<n(A;) = of ZA2 o(Var[ XD (1)]). (A.2)
From Lemma Al in Claeskens, Krivobokova and Opsomer(2009), [[Hy, [« = O(x™").
Similar to the proof of Theorem 3.3 in Zhou and Wolfe (2000), we have
A§”2 = NZH (1 )AiH}}nNuH(tj)NuH( )HKlnA N,1-i(t)
= tr[Nwrl—i(t)NyH (A HKlnNV—i-l( )Nu+1( )HklnAT]

< 7Tu+17itr[AZTAiH]_(71an/+l(tj)N?;Jrl(tj)Hl_(}n]

N

o1l | A ool | Al oo tr [H 15 Nyt (£5) N 41 (1))



Numerical Discretization-Based Estimation Methods for ODE Models

< mufz-HAiHioHH%?nHootr[Nm( DN ()]
K+u+1
g Ty+1— z _21 Z N[V+1

— 0@,
where
Tyt1—i = maxecpp{@(t) : p(t) is the maximum eigenvalue of N, 1, (H) N1, _;(t)} < 1.
Similarly, for K, > 1, if A ~ ¢n” with v < 1/(2¢ + 1), and K ~ cn® with ¢ > 1/(2¢ + 1),
from |Hy' [|oo = O(k7H(1 4 K29)71), we have
Ain® = O™ 71+ K27

= Ok 2 (\/n) VEIK, (1 + K29)7?)

= O (/) ),
since Kg(1+ K27)7% < 1/2. Hence (A.2) holds for both K, < 1 and K, > 1, and the proof

of Lemma 3 is completed.

Lemma 4: (i) Under Assumptions B1-B3 and B11, if X(.) € C"™[a,b] with v > 1, for
K ~ cn® with ¢ > 1/(2v 4+ 3), and A = O(n") with v < (v + 2 — ¢q)/(2v + 3), then for any
fixed t € [a,b] and any ¢ =0,1,---,v — 1,

IXO@) = XO1) |0 = O(R"7) + O~ w077 + O(k 207 3).
(ii) Under Assumptions B1-B3 and B12, if X(.) € WY[a,b] with ¢ > 2, for A\ ~ ¢n? with
v < 1/(2¢+ 1), and K ~ cn® with ¢ > 1/(2¢ 4+ 1), then for any fixed ¢ € [a,b] and any

i:0717"'7q_27

KO) = XO (1) e = O(R7) + O((Mm)257) & O(n™ 247 (/) /).

Proof of Lemma 4: From Lemma 3(i), for any ¢ € [a, b], we have
Var™2 (XD () [XO () — XD() — bit,v + 1) — dy(t)] = O(1).

Then by Lemma 1(i), Lemma 4(i) holds. The proof of Lemma 4(ii) is similar.
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Remark A1: Note that Claeskens, Krivobokova and Opsomer(2009) have established Lemma
1 and Lemma 2 for i = 0, i.e., the case of the original function X (¢) and its estimate X (t). The
results of Lemmas 1-4 are similar to those for other smoothing methods, such as smoothing
splines (Rice and Rosenblatt, 1983), local polynomial (Fan and Gijbels, 1996) and regression

splines (Zhou, Shen and Wolfe, 1998; Zhou and Wolfe, 2000).

Remark A2: Lemma 2 shows that the order of the optimal number of knots for P-splines
does not depend on 7. Such results are similar to that for regression splines given in Remark
1 of Zhou and Wolfe(2000). It provides a clue on how to choose the optimal number of knots

for X@(t).

Remark A3: Similar to the setup for regression splines in Zhou, Shen and Wolfe(1998) and
Zhou and Wolfe(2000), in this article we suppose that the knots for P-slines are asymptoti-
cally equally-spaced, the design density is continuous, and the order of the spline equals the
assumed order of the unknown regression function. These assumptions may be relaxed by

the way for regression splines in Huang(2003a,b).

Lemma 5: For all the discretization methods given in Section 2.2, we have

F(ti, X(t;), X (tix1),B) = f(ti, X(t:),8) + O(h), i=1,---,n—1.

Proof of Lemma 5: We only need to verify this result for the RDB method. For ky defined

in Section 2.2, under Assumption B10, by the mean value theorem, we have

ky = f(ti+hi/2,X(t;) + hiki/2, 8)

af(t*ax*wg)@ af<t*7x*7/6) hzkl
ot 2 ox 2

= f(ti, X(t:),8) + O(hi)

= f(t;, X(t:),8) +

= f{t:, X(t:), B) + O(h)
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where t* lies between ¢; and t; + h;/2, x* lies between X (¢;) and X(¢;) + h;k1/2. Similarly,
we have /i?g = f(tl,X(t@),,B) + O(h) and k'4 = f(tl,X(tz) ,6) + O(h,) Then

kv ko ks k4

F(tuX(tz’)aX(tiH)ﬁ):€+§+ 3 g_f(tzaX( i),8) + O(h).

Lemma 6: Under Assumptions B1-B3 and B11, if X(.) € C""![a,b] with v > 1, for
K ~ en® with ¢ > 1/(2v + 3), and A = O(nY) with v < (v + 2 — q)/(2v + 3), for a
continuous function g(t), [*g(t)[X(t) — X (¢)]dt is asymptotically normal with mean pyx =
JPg®EB[X(t) — X(t)]dt = O(k**") = o(n~/?) and variance Yx = [’ [ g(s)Cov[X(s) —
X(s), X(t) — X (8)]g" (t)dsdt = O(1/n).

Proof of Lemma 6: By the Delta-method(van der Vaart and Wellner, 1996, p.377) and

Lemma 3(i), [* g(t)[X (t) — X (t)]dt is asymptotically normal with mean as

and variance as
Sy = / / $)Cov[X (s) — X(s), X (£) — X ()]g7 (t)dsdt.
From Lemma 1(i), ux = O(k**!) = o(n~*/?) and
A A

o / / ()NL1(5)(G + 2Dy GG + - D) "N (t)g” (t)dsat

Now, we consider the order of the variance as follows
bt T Aot At T
| [ ] 9)NLL($)(G + 5D GG + SD,) 7 N (t)g” (t)dsi |

ol [ NIA(0(G + 2 D) GG + D) Ny (it
= Ctr[/abNuH( (G +

)\D GG + qu)_lNVH(t)dt]
b T )‘ -1 A -1
= [ uINLL(0(G +5D,) GG+ D) Ny (b))t
A

— c/btr[(G—l- :‘LD )~ 1G(G+ D) 'N, ()N (#))dt

N

- C/abtr[(G_ +0(K)) N1 (N, 4 (1))t

< G tel [ Noa ()N (0)p(0)d
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< G «lIGllz = O(x™HO(k) = O(1),

then Xx = O(1/n).
In the following proofs of Propositions 1-2, for simplicity, we suppose that f does not
depend on t and use the notation f(X(t),3) to replace f(t,X(t),3). We also remove the

dependence in t for F'. Of course, the proof is straightforward in the non-autonomous case.

Proof of Proposition 1: If we denote ¢ = Xltie)-X(t) _ F(X(t;), X (tix1),8,), then

tit1—t;

Lyt w(t)e = O(ay) with a, = b2 + hb, + h? for b, = k” + A" 'k 7! + k~3n~3. This

(2

result can be verified by the Taylor expansion and the expression (10), i.e., for 0 < h < 1,

under Assumptions B7 and B13, as follows

;z w(t)E = ;z () =) R (1), X (). B0
- ;Z_j W(t)[X () + O(h) — “Lfii — f ) O(h?)]?
_ i’gw(mp@(m +O(h) = X'(t;) +O(h) + O (A3)
- igw(m[}?’(m — X'(t;) + O(h))?
< C\Ig’(t) — X'(1)]1% + O | X'(t) = X'(t) |0 + O(h?)

O(b2 + hb, + h*) = O(a,).

Then we have

iSn(ﬂ) = i#jw(ti)[)z(tgi:f(ti) — F(X(t:), X (tin1), B)
- :L:illw(ti)[F(X(ti),X(tiH),BO) +e— F(X (1), X (ti1), B))
_ i:11w(ti)[F(X(ti),X(tiH),ﬁo)—F(X(ti)ak(tiﬂ)aﬁ)ﬁ (A4)
+i gw(ti)ei[F(X(ti), X (tis1), By) — F(X(t:), X (tisr), B)]
+in_1w(ti)€?-

.
Il
—
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For the second term of (A.4), by the Cauchy-Schwarz inequality, if 3 # 3,, then

gﬁhwmmmxwmxmﬂxmwmemLXmﬂmm\

f& 1) X(tien): Bo) — F(X (1), X (ti11). B} .

S

<

SM

So the second term of (A.4) is bounded by a product of a lower term than that of the first

term of (A.4) and 0,(1). Now we consider the first term of (A.4), which can be decomposed

;immmmmmmmw—ﬂﬂme@mP
:iimmmmmx%@%%FMWK@MﬁW

+Tll :1 wt)[F(X (1), X (tis), B) — F(X(t;), X (ti1), B))? (A5)

+Z "zj w(t)[F(X(t:), X (tir1), Bo) — F(X(t:), X (tir1), B)]

x [Fz_X(ti), X(tis1), B) — F(X(t:), X (tis1), B)].

By Assumption B10 and Lemma 4(i), we know that the second term of (A.5) is bounded as

follows
inz_; w(t)[F(X (), X (tis1), B) — F(X(t:), X (i), B))

< X - KOsl s o)

2
n

< de
with ¢, = k! + M~ 'k~7 + k2n "2 for some constant ¢. By a similar argument, we note
that, if B3 # B,, the third term of (A.5) is bounded by O(¢,). For the first term of (A.5),

from Lemma 5 and the strong law of large number, if 8 # 3, we have

n—1

Jin LS () [POX0), X (000, B0) = PO, X 100, B
— A e 8 - X007

— E{w®)[f(X(1),8) — [(X(t),8)]*},
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a.s. Combining all three terms of (A.5), we can see that the first term of (A.4) is dominat-
ed by the term E{w(t)[f(X(t),8y) — f(X(¢), 8)]}. Denote S(B8) = E{w(t)[f(X(t),5,) —
F(X(t),8)]2}. Then we have lim 228 — §(8) =0, as.

For any probability measure @, let F,, be the set {S"T(m —S(B) : B €Qg} and Ny(e,Q, F,)
be the covering number of the class F, in the probability measure @), as given in Pol-
lard(1984,page 25). Under Assumption B4, using the similar arguments to those in the
proof of Theorem 3.1 of Xue, Miao and Wu(2010), we have supg Ni(e, @, F,) < C(%)d
for 0 < ¢ < 1, where C is some constant. Then by Theorem I1.37 in Pollard(1984),
supg |S"T(m — S(B)| = 0, a.s., under Pg,.

Next, from Assumption B8, we know that 3, is the unique minimum point of S(3). Since

B, is an interior point of g, it follows that the first-order derivative 8‘2(;) of S(B) at B,

equals to zero and the second-order derivative g;g%@T) of S(B) at B, is positive definite. By

Assumptions B2 and B9, the second-order derivative of S(3) in a small neighborhood of 3,
is bounded away from 0 and co. Then the second-order Taylor expansion of S(3) gives that

there exists a constant 0 < C' < oo such that [S(3,) — S(8,)| = C||B,, — B,l|>. Moreover,

A

(Ba) | $u(Br) _ g

n

0<S(B,) —S(By) = S(B,) - By)

< 5@, - 2O 5B g
5.(8)

< 2sup| —S(B)] =0, as.
B

Thus |3, — Boll = 0, as., i.e. B, strongly converges to B, when n is large.

Proof of Proposition 2: Under Assumption B9, by the Landau-Kolmogorov inequality

between different derivatives of a function and Lemma 5, we have

OF(X(t:), X(tix1),8)  0f(X(t:),B) H
053 0B >

PFP(X(t:), X(tin), B)  0*f(X(t:),B)
0B08" 0B08"

< CIHF<X(tl)7X(t1+1)7/6> - f(X<tl)7ﬁ)H°°

< C I IF (X (1), X (i), B) — F(X(t), B

D=
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for two constants C' and C’, where ||g(8)||s = supg|g(3)| is the supremum norm of a function
B
g . For Bn, it satisfies 85*57(;") = 0. Then from Lemma 5 and the proof of Proposition 1, it

follows that

195,(3,)

n 08

1 i+1) — X(tz) A A 2 aF(X(ti)vX(ti-i-l)an)
= Z t—;_l 4 - F(X(ti)7 X(ti+1)7 Bn)] 8,3
_ lnz R ().B,) + 0<h>naﬂng>’ﬂn) )
- ; nZ JW[X’@» - X0 + J(X(1), B) ~ S (). B0

(X (8), By) — F(X(t:), B,)] + O(h#)o(1)

1t Of(X (), B) o Of(X;, By)

- - Zl w(t) == 5 () = X () + S (X () - X (t:))

LOF(X(4). B)
T
B
with X; being some point between X (¢;) and X (¢;), and B being some point between 3, and

[N

(Bo = B.)] + o(h?),

B,. o(h2) = o(n"Y2), since h = O(n™'). So we obtain an asymptotic expression for 3, — 3,

as follows
1= 0f(X(t:),8,) 0f (X(t:), B)
- ; 0B 037 (ﬁ - Bo)
_ iz Xgﬂ')ﬁ"){w(m - X))
(X’HIBO)

———af—{X@J—XUM}+dn%>

Denote J, = E[w(t){%;)ﬂo)}@]’
P = 2 3wt L) ) - e - TP k) - xca)

and
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From Proposition 1 and Lemma 4(i), we have

1'& S (tz)wén) 8f(X(tz)vB)
- Z o5 95" — J,.
For fixed X'(t) and X'(t), from the weak law of large number, P, — T, — 0 in probability.
So ,3 — By = J T, + 0p(n ~1/2), Further, applying integration by parts to T},, we have
b of (X ) -/ /
[ w00 PELP ) —
If (X (¢), A
oL ST 0 - xany
b d of (X (1), 5
- [ S L E Do) - x o
If w(a) = w(b) =0, then
B, —By=—J; / X(8)]dt + op(n"?). (A.6)

with A(t) = w(t)p(t) 8f(X(t) Bo) 1 6(X) o) 4 %[w(t)p(t)%g’%)]. From Lemma 6, the right

side of (A.6) is asymptotically normal with mean as
b N
i ==J" [TAWELX () = X (O)dt = O(s) = o(n™"/)

and variance as

S o= J7Y / / $)Cov[X (s) — X(s), X (£) — X ()] AT (t)dsdt} !
_ —J*_l / / NT (G+)\D) 1G(G+:\LDq)‘lNVH(t)AT(t)dsdt}J*‘l
= O(1/n).

Thus for w(a) = w(b) =0, if K, <1, K ~ cn® with ¢ > 1/(2v 4 3), and A = O(n”) with

v< (v+2—¢q)/(2v+ 3), then
VB, — B,) 5 N(0,X)  with S =n. (A.7)

Obviously, X7 = O(1), since ¥; = O(1/n). This rate of convergence is consistent with that

of Theorem 4.2 in Bickel and Ritov(2003).
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If w(a) # 0 or w(b) # 0, we have

B. — By
— I ulpn A

= J*_I{B(b)[X(b) - X(b)] - B(a)[X(a) — X(a)]} + Op(”_%)

(X () — X} + Op(n~2)

= JBONTL(0) - BN (@)(Z27Z +AD,) ' Z7Y +0,(n})

*

1 _ _1
= ﬁ‘]* 1MHK?nZTY+OP<n 2)

with B(t) = w(t)p(t)2LE02) and M = B(b)N,,(b) — B(a) N, ,(a). Similar to the proof

of Lemma 3(i), 8, — B, is asymptotic normal with mean as
po = J{ BO)E[X (b) — X (b)] = B(a)E[X (a) — X(a)]}
and variance as
o A1 A 1T -1

Now, we consider the orders of this mean and variance. From Lemma 1(i), gz = O(k”*™!) and
Yy = O(n~'x71). In order to ensure that the asymptotic bias of ,@n is zero, the assumption
Kn=Y/®+3) s o0 is required. Thus for w(a) # 0 or w(b) # 0, if K, < 1, K ~ cn® with

¢>1/(2v+3), and A = O(n") with v < (v + 2 — q)/(2v + 3), then
ViE(B, — By) 5 N(0,35)  with X5 = nkY,. (A8)

Obviously, 35 = O(1), since 3y = O(n"1x71).
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Appendix B: Additional Simulation Studies and Results

In all the simulations in the main text, the weight function w(t;) in the objective function
(15) is assumed to be a constant. To evaluate the effect of the weight function, we per-
formed additional simulations based on Model (19) in Simulation Example II by assuming
w(t;) = sin(wt;/5). This weight function is selected to satisfy the boundary conditions for
the asymptotic results as suggested by Brunel (2008). Similarly we used parameter values
(a,b,c) = (1.5,1,2) and initial values (R(0), P(0)) = (0,1) to generate the observations at
every time interval of 0.2 in [0,5] giving 26 observations. The measurement error standard
deviations were taken as (o1, 09) € {(0.02,0.01), (0.05,0.03)}. For each simulation case, 500
runs were replicated. We report the AREs for the estimates of different methods in Table 1
below.

The results show considerable improvement in the ARE for all the methods. Comparing
different methods, the EDB method again has the largest ARE. The LW method performed
better than the TDB method for the cases of small noise. For the larger noise cases, the
TDB method has the smallest ARE. The RDB method was slightly worse than the LW and

the TDB method for most of the cases.

[Table 1 about here.]

We performed more simulations for the case of unequally-distributed observation time
points suggested by one of the referees. Here we report the results from one case that is also
based on the non-linear ODE model (19). We used parameter values (a, b, c) = (1.5, 1,2) and
initial values (R(0), P(0)) = (0, 1) to generate the observations at unequally-spaced intervals:
early frequent measurements with every interval of 0.2 in [0,2.5] and sparse measurements
with every interval of 0.4 in [2.5,5]. The measurement error standard deviations were taken as

(o1,02) € {(0.02,0.01), (0.05,0.03)}. For each simulation case, 500 runs were replicated. We

19
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report the AREs for the estimates of different methods for different parameters in Table 2
below.

From this table, we can see a similar trend as in the case of equally-spaced observations
(Example II in the main text). The results confirm that the EDB method produces the largest
AREs for all the simulation cases. The LW method seems to be somewhere in between the
EDB and the TDB. The RDB method was worse than the TDB method and was better than
the LW method in some cases and worse in others. The TDB method again gave the best

results and has been stable in all the simulations.

[Table 2 about here.|



the estimates of the parameters obtained from 500 replications (note that true a = 1.5,b =1, and ¢ = 2 and n = 26
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Table 1
Evaluation of the weight effect: Average relative errors in percentage (sample meant sample standard deviation) for

for Example II).

Parameter

(01,09)

LW

EDB

TDB

RDB

a

(0.02,0.01)
(0.05,0.03)
(0.02,0.01)
(0.05,0.03)
(0.02,0.01)

(0.05,0.03)

3.17
(1.5040.06)
8.33
(1.44+0.14)
3.73
(1.004:0.05)
9.78
(0.9540.11)
0.63
(2.004:0.02)
1.85
(2.0040.05)

9.57
(1.3640.06)
13.88
(1.4040.23)
9.70
(0.904:0.04)
15.57
(0.9340.18)
1.58
(1.97+0.02)
1.93
(1.98-£0.04)

3.39
(1.50-£0.06)
7.53
(1.46£0.13)
3.97
(1.004:0.05)
8.81
(0.97-£0.10)
0.69
(2.00£0.02)
1.84
(1.99-£0.05)

3.71
(1.5340.07)
10.27
(1.5740.21)
4.25
(1.02+0.05)
11.88
(1.0540.16)
0.66
(2.004:0.02)
1.78
(2.0140.04)

21
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Table 2

that true a=1.5, b=1, and c=2).

par

(01,09)

LW

EDB

TDB

RDB

a

(0.02,0.01)
(0.05,0.03)
(0.02,0.01)
(0.05,0.03)
(0.02,0.01)

(0.05,0.03)

10.64
(1.3640.12)
20.29
(1.2440.23)
12.81
(0.89-£0.09)
24.26
(0.79:£0.18)
3.36
(1.93£0.03)
6.07
(1.89£0.08)

16.37
(1.2540.08)
20.45
(1.2140.17)
17.69
(0.82+0.07)
23.09
(0.7940.15)
9.97
(1.8040.02)
11.25
(1.7740.05)

7.05
(1.4240.09)
14.88
(1.3240.19)
8.52
(0.94:0.08)
17.89
(0.8640.16)
1.27
(1.9840.02)
3.34
(1.9440.06)

11.58
(1.33+0.09)
17.66
(1.2740.19)
13.24
(0.8740.07)
20.82
(0.82+0.16)
6.99
(1.86+0.02)
8.24
(1.840.06)




